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Abstract

The region of convergence of a polynomial serf€sa, g, is determined, provided the (weak)
asymptotic zero distribution of the sequenrgeand thenth root asymptotics of their leading coeffi-
cients is known.
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Let {g,} be a sequence of polynomials afig} a sequence of complex numbers. The
largest open set in which the series

Z On Gn (2) (1)
n=0

converges locally uniformly is called the convergence region of series (1).
Peixuan [2] gives a partial characterization of possible regions of convergence of polyno-
mial series as countable unions of pairwise disjoint simply connected domains. Moreover,
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under the assumptions that

limsuple, " = p €10,1[,  suplga(z)| = |g.(1)| =1

n—o00 |z]=1

and that the zeros of thg, are given by perturbed roots of unitﬂ/’zn) with

2k —1 2k
DT g <ZE k—12m
n n

he shows that the region of convergence is the flisk C : |z| < 1/p}.

In this note we use potential theory to give a general description of the region of con-
vergence when the asymptotic zero distribution in the weak-star sense anth thaot
behaviour of the leading coefficients of the polynomiglsare known. The results are
formulated in terms of the following notions (see, for instartes]).

For a unit (Borel-) measurein C, denote by

1
’u =
U"(2) /Iog P

its logarithmic potential. Iy is a polynomial of degrek with zeros(y, ..., {; (taking
into account multiple zeros), they denotes the corresponding normalized zero counting

measure, i.e., the unit measurge = % 21;21 5¢/. associating equal mass 1with each
zero. Note that, if] is monic, then '

du@) (€0

U'(z) = (ze©). (2)

log =
lq(z)|Y/*

For a compact sef C C there exists a unit measugg on E with minimal energy

1
I(pg) = // — dpp@dug(0).
lz =l

Moreover, by the Frostman theoreifs < Vg := I(ug) in C andU*2 = Vg quasi-
everywhere (see below) dh. The measurg, is called equilibrium distribution oE , Vg
is the Robin constant and cap(E3 e~ V% the capacity oE. y; is unique if cap(E) >0. In
this case, the non-negative functig(x, co) := Vg — U*£(z) is referred to as the Green’s
function of C \ E with pole atoo.

A relation is said to hold quasi-everywhere, if it holds everywhere, except for a set of
Zero capacity.

We say that a sequen¢g, } of unit measures i converges to a unit measuyuzen the

weak-star sense (notatiomn, = w), if

im_ [ 1y = [ du
n— o0
for every continuous functioh with compact support.

In what follows, u will be a unit measure with compact support. In addition{dgt be
an arbitrary sequence of complex numbers and set

p := lim suplo,|*/". 3)

n—o00
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Theorem 1. Suppose thdtp, } is a sequence of monic polynomials of degree n vyj;hi>
. Assume that all zeros are contained in some fixed bounded@isat.the series

00
Z On Pn (4)
n=0

diverges quasi-everywhere in

{ze C : U2 < log p}.

Proof. Letm € N be arbitrary and let

xeszz{zeﬁ:U“(x)élog(p—n%)—l}. (5)

m

From (3) we deduce that there exists a subsequaneeA(m) c N such that

ot |1/ > (p - n—i) (n € A). (6)

Now, suppose that series (4) converges ifT hen there existgg such thato, | |p, (x)| <1
for all n >ng. By (6),

1
12 Jo | [ (01" > (p - ;) | (x) M

1
= (P - —) exp{—U"m (x)} (no<n € A)
m
or, taking into account (5),
, 1 1
U"’"(X)>|09<p——> >UMx)+ = (no<neA). (1)
m m
On the other hand, the lower envelope theof@nTheorem 1.6.9] and,,, = 1 (alongA)
imply that

Ut (z) = liminf U (2) (8)

Asn—o00

guasi-everywhere, i.e., for alle C\ I', wherel’ = I'(m) is a set of zero capacity. By (7),
x € I'(m). The statement of the theorem follows since the countable union of sets of zero
capacity is of zero capacity. [

Theorem 2. Suppose thdtp, } is a sequence of monic polynomials of degree n V\;j;hi>
wand that all zeros are contained in some fixed boundediben serieg4) converges in

{ze@ UMz > Ing}.

This convergence is locally uniformprovidedU* is continuous.



M. G6tz / Journal of Approximation Theory 135 (2005) 140—-144 143

Proof. Suppose first that/# is continuous. Leik c {U" > log p} be compact, and let
¢ > 0 be such that/* > log(p + ¢) + ¢ onK . By the principle of descei8, 1.6.8],

liminf U"rn(z) > U*"(z) uniformly on K.
n—oo

Hence, for some indexg = ng(e),
1

O [—
n 0 @

We may assumey so large that, in additiony,, |1/” <p + ¢/2 for alln >ng. Therefore,

=U"m(z)=log(p +¢) (z €K, n=>no).

ol 1Pn(DI<(p+ /2" (p+6)~" (z€K, n=no),

which implies

0 00 n

+¢&/2
E lok | | P (2] < E <u> (z € K, n>nop).
k=n k=n p+8

Thus, (4) converges uniformly iK .
If U* is not continuous, then the convergence in some poican be derived similarly
by consideringk = {x} in the previous arguments. []

In what follows, letE ¢ C be a compact set with regular complement. Theéh (z) =
Vg forall z € E. || - ||g denotes the uniform norm da.

Corollary. Supposédq,} is a sequence of polynomials of degree n with

*
||q;1||E=1 and Vg, = HE-

Assume that all zeros are contained in a fixed boundedrsen,for p < 1, the region of
convergence of serigg) is the set

{ze@ : g(z,oo)<log%}.

Example. LetE = {z € C : |z| = 1}, the constellation considered&]. Here,g(z, o0) =
log|z| for |z] > 1.

Proof of the Corollary. Write ¢, = v, pn, Wherep, is monic. Then

1= Ilgnlle = 1yul lpallE = 17, | TullE 217, | CAP(EY,
whereT,, is thenth Chebychev polynomial fdE [3, Theorem 111.3.1]. Thus,

[7,1*" <cap(Ey ™. ©)
On the other hand, for sonie € JE,

1= 1gn )l = 1l 1Pn (G = 17, | €Xp{—nU " ()},



144 M. G6tz / Journal of Approximation Theory 135 (2005) 140—-144

orU'm ({,) = log|y,|*/". Thus, by the principle of descent,

liminf log|y,|Y" > Ve = (U"E) 5.
n—0o0

With (9) it follows that the limit of|y, |*/" equals 1/cap(Eand, therefore,

|1/n _ P

lim sup|a;, ) .
n—>oop| nVn cap(E)

Theorem 2 yields that_ o, g, = >_ a5 y,, pn cOnverges locally uniformly in
{z : U'E(z) > logp —logcap(E)} = ¢ : g(z, 00) < log1/p}. (10)

Sincep < 1, any not-empty open set which is larger than the region (10) intersects with
{z : UME(z) < logp — logcap(E)}. Hence, by Theorem 1, (10) is in fact the region of
convergence of the series under consideration]
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